BTZ black hole from (3+1) gravity 
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Abstract: We propose an approach for constructing spa- 
tial slices of (3+1) spacetimes with cosmological constant but 
without a matter content, which yields (2+1) vacuum with 
A solutions. The reduction mechanism from (3+1) to (2+1) 
gravity is supported on a criterion in which the Weyl tensor 
components are required to vanish together with a dimen- 
sional reduction via an appropriate foliation. By using an 
adequate reduction mechanism from the Plebanski-Carter[A] 
solution in (3+1) gravity, the (2+1) BTZ solution can be ob- 
tained. 

PACS number(s): 04.20. Jb, 04.70.Bw 

Lower dimensional gravity theory has attracted the 
attention of the scientific community in the sense that 
one may use it as a theoretical laboratory for studying 
certain aspects of gravity and also because it may pro- 
vide some clues for solving some open problems in (3+1) 
dimensional gravity. On the other hand, it would be of 
considerable interest to establish a link between the phys- 
ically relevant (3+1) gravity, via certain limiting process, 
and the (2+1) gravity. This is the kind of problem, to 
which this paper is addressed to. 

In (3+1) dimensional gravity, black holes are the ob- 
jects that have received a lot of attention although their 
properties at the quantum level remain until now as a 
mystery. It is believed that black holes in (2+1) dimen- 
sions will provide a new insight toward a better under- 
standing of their properties in a four dimensional space- 
time. 

It is well known that the Weyl tensor vanishes in (2+1) 
dimensions and that the Riemann tensor can be written 
explicitly in terms of the Ricci tensor and the scalar cur- 
vature R. Hence, vacuum solutions to the Einstein equa- 
tions are locally flat. When matter sources and cosmo- 
logical constant are present this is not longer true [|lj. A 
criterion for obtaining (2+1) vacuum solutions with cos- 
mological constant from (3+1) solutions with A is based 
on the vanishing of the (3+1) Weyl tensor together with 
a reduction of the number of dimensions using an appro- 
priate slicing at a constant spatial coordinate. 

For instance, the reduction of the Plebahski-Carter [A] 
metric, after equating the Weyl tensor components to 
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zero and accomplishing the spatial slice at a constant 
value of a spatial coordinate, yields a metric which can 
be thought of as the BTZ black hole solution. The well 
known three dimensional spinning black hole was found 
by Bahados, Teitelboim and ZaneUi (BTZ) |||. The BTZ 
solution with mass M, angular momentum J, and cosmo- 
logical constant A = may be written in the form 

ds^ = -N^dt^ + N-^dr^ + r^iN'I'dt + d<P)^ , (1) 

with the following metric functions: 

= -A-f - Ar^ + JV4r^ N'*' = - J/2r^ (2) 

The function iV* is determined up to an additive con- 
stant, say A, which can be eliminated by a linear trans- 
formation of the (p coordinate. 

The metric (^ remains as a solution disconnected from 
the (3+1) dimensional world. Up to now, from the geo- 
metrical and physical point of view, the BTZ black hole 
has no relation with those geometries describing a black 
hole in four dimensions. A question that one may pose 
is: could the BTZ black hole be obtained from a ( 3+1) 
dimensional solution? The main objective of the present 
paper is to give an answer to this question, which occurs 
to be positive. 

In order to establish this assertion, we consider the sta- 
tionary Einstein-Maxwell axisymmetric Plebahski-Carter 
[A] metric which may be written as 

-^{dT-pHa)\ (3) 

with structural functions 

P = -/-f + 2lp- - A/, 
Q = 7 + - 2mq + eq^ - Ag^, 

A=p^ + q^, (4) 

where the parameters m, I, e, g, and A correspond to 
mass, magnetic mass, electric charge, magnetic charge, 
and cosmological constant (A — A/3),respectively,7 is re- 
lated with the angular momentum, and e is a parameter 
describing geometrical properties. 

The only nonvanishing Weyl component for the met- 
ric (|) reads g 
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(to + il){q — ip) — — 
{q + ipY{q- ip) 



(5) 



The corresponding electromagnetic field for this metric, 
see B, can be written as 



(6) 



Our criterion requires that all components of the Weyl 
tensor corresponding to a four dimensional solution must 
vanish. Since in our case the number of the complex com- 
ponents of the Weyl tensor reduces to one, by equating 
the expression (^) to zero, one has 



mq + Ip + i{lq — rap) — —g^ — 
therefore 



(7) 



TO = Z = 0, 



e = Q = 0. 



Notice that the electromagnetic field vanishes, hence the 
corresponding conformally flat (3+1) solution occurs to 
be uncharged. Assuming the fulfillment of the condi- 
tions (^), the resulting structural functions from (^, are 



F = 7 - ep^ - Ap'', 
Q = 7 + eg2 - Aq^ 



(9) 



For future convenience, we introduce the parameters 

7 = a^, e = -M, (10) 

which, as we shall see later, are related with the param- 
eters appearing in the BTZ metric. With these identi- 
fications the resulting conformally flat (3-1-1) metric (||) 
becomes 



4q2 



M - kq^ 



1 



1+2; 



-dq' 



p^ + q^ 



P 



+q 



^^M-Kq^ ' 2^ + Mp^-Ap' 
'1+ V(Af-Ap2) 



■dp^ (11) 




where we have defined (j) = aajl. It is worthwhile to 
point out that this metric (^l|) occurs to be flat if the 
cosmological constant A vanishes. Since all components 
of the Riemann tensor are zero, therefore via coordi- 
nate transformations it can be reduced to the Minkowski 
spacetime. 

The next step in our reduction process consists in re- 
quiring the slicing p — constant, (p = const. -foliation). 
For convenience, we demand the following correspon- 
dence: q — > r and dr — > dt + 2{p'^ /a)d(p, therefore 
from ^Wj one gets 



4r^ 



M - Ar2 



-dt^ 



1 



p 

7^ 



1 



M - Ar2 



-dr-" 



1 + ^{M-Ap') 



1 



2r2 



dt+{l + i-j]d^] . (12) 



For this foliation p = const. 7^ 0, the metric ( p^ ) could 
be considered as a solution. We will postpone the study 
of this interesting situation in a forthcoming communi- 
cation. 

The most relevant case, which gives a positive answer 
to the posed above question, is the slice p = of the 
(3-1-1) metric (p^), together with the identifications a — > 
~J and A — > which yields 



- M 



dst 



— r 



4^2 



dr^ 



M + -r^ dt 



-J 



— dt + d^) . (13) 



This metric coincides just with the (2+1) BTZ black 
hole solution. Summarizing, by applying our criterion 
(the vanishing of all components of the Weyl tensor) 
and a slicing procedure {p — 0- fohation) to the (3+1) 
Plebanski-Carter [A] solution, one is able to arrive at the 
BTZ black hole in (2+1) dimensions. 

Another point of view to the same problem consists 
in the search of solutions to Einstein's field equations 
for a more general metric than the metric (^. The line 
element to be considered here is the stationary axisym- 
metric metric 



P{p) 



dp^ 



P(p) 



(dr + N{q) daf 



-dq^ 



Q{q) 
M{p)da)\ (14) 



where P(p), Q{q), M{p), N{q), and A = M{p) - N{q) 
are functions to be determined later on. For this met- 
ric, using the Newman-Penrose tetrad formalism one 
defines the null tetrad 




A / P 

—dp + iJ = {dT + Nda) 



A / P 

-pdp- = {dT + Nda) 



-p^dq+ ^{dr + Mda) 



^dq+ J={dT + Mda) 
^ V A 



(15) 
(16) 
(17) 
(18) 



From the second Cartan structure equations one arrives 
at the expressions for traceless Ricci tensor Sat — Rab — 



jRgab- By equating the components S'33 and Im S13 
to zero, one arrives at a single equation 

M + n" = 0, (19) 

on the other hand, 5i2 — leads to the equation 

0, (20) 
and, from the scalar curvature one obtains 

P + Q" + 12AA = 0, (21) 

where dots and primes denote derivatives with respect to 
p and q, respectively. The nonvanishing complex Weyl 
coefficients are 



Q{q)=Ao + Aiq + eq^-Aq'^ 



(27) 
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(23) 



To search the solution of this system of equations we 
shall first determine M{p) and N{q). From equation ([l9| ) 
one obtains the polynomials M{p) = ap^ + /3p + 7 and 
N[q) — —aq^ + Sq + p. The equation arising from the 
vanishing of the Weyl coefficients ^'i = ^'3 = yields the 
following conditions on the integration constants: j3 = 5 
and 7 — —p. By linear transformations of the variable p, 
q, T and a the functions M{p) and N{q) reduce to the 
simple form 



and then 



M{p)=p^ N{q) 



A = p^ + q^ = A, 



(24) 



(25) 



as before. 

Next, we determine the explicit expression of P{p) and 
Q{q)- Integrating the variable separable equation ( |2l| ) 
one gets the following expressions for P{p) and Q{q): 



Substituting these expressions into equation ( pO| ) , one ar- 
rives at the condition Aq — Cq. Finally, entering with 
these functions P{p), Q{q), M{p), N{q) and their deriva- 
tives into the equation arising from the vanishing of 5*2, 
^2 = 0, one obtains the condition Ci = and Ai — 0. 
Therefore, the final expressions for the polynomials P{p) 
and Q{q) are 



P{p) = Co - ep^ - Ap\ 



Q{q) = Co + eq^ - Aq\ 



(28) 



(29) 



Now we are ready to accomplish the limiting transition 
from {3+1) to (2-M) gravity by letting p — > 0. The 
metric for this p ~ 0-foliation becomes 



dsi 



^{dT + q^daf + ^dq^ 

q Q 

-^dr\ 



P = Co, Qiq) = Co + eq^ ~ Aq^ 



(30) 



(31) 



Again, the integration constant Cq can be identified with 
the parameter e with ~M and A with 

Note also that the resulting Q{q)/q^- function of ex- 
pression ( |3l] ) coincides with the squared lapse function 
N(r) of equation ([^) up to minor redefinitions {q — > r. 



Co 



-M, A 



We would like to mention that due to symmetry of 
the metric (||), the BTZ metric could be obtained also 
as a different real slice of the complexified metric (||) by 
accomplishing there the complex transformation r — > it 
and <j — > ia and by setting m = 0, ^ = 0, e = 0, 17 = 0, 
together with the slice q = 0. 

We have shown in this work that it is possible to con- 
struct spatial slices of (3-1-1 ) vacuum plus A spacetimes, 
that correspond to (2-1-1) vacuum plus A solutions. In 
this reduction it is crucial to require the vanishing of 
the Weyl tensor components, i.e. we must demand the 
(3-1-1) metric, from which we construct the spatial slices, 
to be conformally flat. This is the main requirement to 
reduce gravitational fields from (3-1-1) to ( 2-|-l) space- 
times. There are other examples of reductions from vac- 
uum plus A term solutions. 

The application of a generalization of our criterion to 
(3-1-1) gravitational fields with matter tensors to derive 
solutions in (2-f 1) dimensions with matter sources is un- 
der study; in certain cases the structure of the (3-1-1) di- 
mensional energy momentum tensor suffers radical mod- 
ifications in the transition to (2-f 1) gravity. We hope 
that in a near future we shall be able to report progress 
in this lines. 



P{p) - Co + Cip - ep" - Ap\ 



(26) 
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